The geodesics on de Sitter and anti-de Sitter spacetimes of any dimensions are derived in terms of conserved quantities. With their help the mesoscopic systems on these manifolds are studied finding the general solutions of the Boltzmann-Marle model in both these cases.
I. INTRODUCTION
The (1 + 3)-dimensional hyperbolic manifolds, the de Sitter (dS) and anti-de Sitter (AdS) spacetimes, are interesting because of their isometries which generate a large collection of conserved quantities which may be used for studying classical systems on these manifolds [1] [2] [3] [4] [5] [6] [7] .
In our investigations we observed that on dS and AdS spacetimes there are special static charts [9, 10] in which the geodesic equations can be expressed simply, in terms of conserved quantities, without using explicitely initial conditions [4, 5, 7] . This encourage us to try to generalize our previous results, obtained in 1 + 3 dimensions, to any dS or AdS spacetimes with arbitrary 1 + d dimensions, i. e. time and d space dimensions.
We study the geodesic motion of massive particles deriving the general form of the geodesic equations on (1 + d)-dimensional dS and AdS spacetimes in terms of conserved quantities with a plausible physical meaning, e. g. energy, angular momentum, etc.. Furthermore, we apply these results for studying the mesoscopic systems on the mentioned manifolds, trying to solve the Boltzmann equation in the Marle and Anderson-Witting models. Starting with the Maxwell-Jüttner distribution we have recently studied [8] we obtain the general form of the Boltzmann equations of these models succeeding to find the general solutions for the Boltzmann-Marle models on the hyperbolic spacetimes.
Therefore, the principal new results we report here are: the form and the properties of the conserved quantities generated by the Killing vectors of the dS and AdS spacetimes of any dimensions; the geodesic equations on these manifolds written in terms of conserved quantities; the simplified Boltzmann equations of the Marle and Anderson-Witting models, satisfied by distributions depending only on time and conserved quantities; the analytical solutions of the Marle model on dS and AdS spacetime. Unfortunately, for the Boltzmann equation of the Anderson-Witting model we are not able to find general solutions.
We start in the second section presenting, in its first part, the (1 + d)-dimensional dS and AdS spacetimes and their isometries, introducing the special static charts. In the second part of this section we derive the conserved quantities and the geodesic equations on these spacetimes. The third section is devoted to the dS and AdS mesoscopic systems governed by the Boltzmann equation. Exploiting the previous results, we simplify this equation considering the distributions as functions on time and 2d conserved quantities instead of 2d canonical variables. In this manner we find the form of the Maxwell-Jüttner equilibrium distributions deriving the dS and AdS local temperatures. Finally, we solve the Boltzmann-Marle equation obtaining the nonequilibrium time-dependent distributions on the dS and AdS spacetime but without discussing the physical consequences.
II. PARTICLES ON HYPERBOLIC SPECTIMES
The classical geodesic motion on dS and AdS spacetime can be studied exploiting the rich sets of conserved observables associated to their isometry groups. We shall show that with their help and by choosing special static charts with suitable Cartesian coordinates [9, 10] we can write down the general form of the geodesic equations in arbitrary dimensions. 
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we have exploited for building the dS and AdS relativity [3, 4, 7] . For the group G and its subgroups we use the canonical parametrization
with skew-symmetric parameters, ξ AB = −ξ BA , and the covariant generators S AB of the fundamental representation of the so(2, d + 1) algebra carried by M . In the Cartesian basis of M these generators have the matrix elements,
According to our previous interpretations, we say that the dS energy is H + = ωS 0,d+1 while H − = ωS −1,0 is the AdS one. In both these cases, the so(d) generators, J ij = S ij , play the role of a generalized angular momentum while K i = S 0,i generalize the Lorentz boosts such that the set (J ij , K i ) forms a basis of the so(1, d) Lie algebra of G 0 . A Runge-Lenz-type vector of components
The local charts {x} of coordinates x µ (α, µ, ν, ... = 0, 1, 2, ...d) can be introduced on the spacetimes M ± giving the set of functions z A (x) which solve the above conditions. Here we consider only Cartesian space coordinates which satisfy the condition z i ∝ x i such that at least the SO(d) symmetry becomes global, any quantity carrying space indices i, j, k, ... In what follows we use only the special static chars, {x + } = {t + , x} on M + and {x − } = {t − , x} on M − , having the same space coordinates for pointing out the symmetry of the spacetimes M + and M − with the same radius
. The embedding equations defining the special static charts of these manifolds are
where
The corresponding line elements can be calculated according to the general rule as
Note that the special static charts introduced here are not quite popular since in many applications one prefers the standard static charts {t ± , x s± } with static Cartesian coordinates x i s± related to our coordinates x i as in the Appendix A.
The transformation g ± ∈ G ± generates the isometry x ± → x ′ ± = φ g± (x ± ) derived from system of equations z[φ g (x)] = gz(x) that have to be solved in a given chart of M + or M − . These isometries give rise to the principal conserved quantities associated to the so(2, d + 1) generators. The conserved quantities along the geodesics of M ± are given by the Killing vectors associated to the G ± isometries. In the charts {x} ± of M + or M − the components of the Killing vectors are defined (up to a multiplicative constant) as [11] ,
(2.10)
Then the conserved quantities along a timelike geodesic of a particle of mass m have the form k 11) are the components of the covariant momenta which satisfy p
in both the charts under consideration.
B. Timelike geodesics
With these preparations, we may express the equations of the timelike geodesics exclusively in terms of 2d conserved quantities which replace completely the 2d initial conditions determining usually a geodesic in a (1 + d)-dimensional manifold.
We focus first on the dS spacetime calculating the components of the Killing vectors and defining with their help the conserved quantities,
(2.13)
sinh ωt + (2.14)
where E + is the energy and L + is the generalized angular momentum corresponding to the SO(d) generators. The vector K + is associated to the generalized Lorentz boost of the group G 0 while the vector R + is specific for the dS isometries being associated to the space rotations involving the coordinate z d+1 . These quantities are not independent since the generalized angular momentum can be written as
and we have the identity corresponding to the first Casimir invariant of the so(1, d + 1) algebra,
. Hereby we conclude that there are only 2d independent conserved quantities, (K + i , R + i ), which form a convenient algebraic basis generating freely all the other conserved quantities. Now we can exploit the above results for expressing the geodesic equations on M + in terms of conserved quantities instead of using 2d arbitrary initial conditions. Indeed, from Eqs. (2.12), (2.14) and (2.15) we obtain the geodesic equation in a closed form as
which represents a hyperbola in the plane (K + , R + ) whose asymptotes are oriented along the vectors
We recover thus our previous result obtained recently for d = 3 [5] . In addition, we obtain the momentum components,
that can be used in applications.
In a similar manner we calculate the components of the Killing vectors in the chart {x − } of the SdS spacetime, defining the conserved quantities,
The quantities L − and K − correspond to the so(1, d) basis generators while E − is the AdS energy. The vector N − is associated to the boosts involving the second time coordinate z −1 which generate only AdS isometries. As in the previous case we find that
while the identity corresponding to the first Casimir invariant of the so(2, d) algebra reads
Therefore, the 2d independent conserved quantities (K 
which represents an ellipse in the plane (K − , N − ) just as in the case of d = 3 [6, 7] . Moreover, we can derive the momentum components as
Finally we note that here we respected up to signs our previous definitions given in the cases of d = 3 for the dS [3, 4] and AdS [6, 7] manifolds. Therefore, we find similar flat limits (for ω → 0) that read
where (p µ , L ij , K i ) are the conserved quantities on M 0 corresponding to the basis generators of its isometry group I(M 0 ).
III. MESOSCOPIC SYSTEMS
The above results allow us to continue our previous study [8] of the mesoscopic systems on M ± considering distributions which depend only on time and 2d conserved quantities and, consequently, satisfy simplified Boltzmann equations.
A. Boltzmann equations on M± A mesoscopic system constituted by identical particles of mass m on a (1 + d)-dimensional courved bakground is successfully described by the (general) relativistic Boltzmann equation [13] , 
..k n ) where s = 2d − n. In this manner we obtain a new function f (t, x, k) depending on the new variables which satisfies now
On the other hand, we observe that
since u satisfy the geodesic equation. Thus we obtain the new general equation
depending on the variables (t, x, k). This procedure is useful when K a are Killing vector fields since then the Killing equations K a µ;ν p µ p ν = 0 drop out all the terms containing derivatives ∂ ka f , remaining with a simpler equation depending only on time and s space coordinates.
Important applications can be worked out on the hyperbolic spactimes which offer us just n = 2d independent conserved quantities allowing us to write on M ± simple Boltzmann equations depending only on time,
have to be calculated by using the geodesic equations (2.18) and (2.27). The equation (3.5) can be solved now analytically if the collision term J is approximated according to the Marle or Anderson-Witting models. In both these cases the distributions on M ± have the general form
where f (eq) ± are the Maxwell-Jüttner equilibrium distributions on M ± while the corrections δf ± giving the local transport effects have to be calculated from Eq. (3.5) by using the above mentioned approximations.
Let us first analyze the Maxwell-Jüttner distributions on M ± which must have the general form [8] f (eq)
where U is the macroscopic field of velocities of the macroscopic system. Since this distribution is independent on time, a rapid inspection shows that there is only one obvious choice, namely U ± i = 0 and, consequently, U ± 0 = (χ ± ) −1 . Then, bearing in mind that p 0 ± are given by Eq. (3.6), we obtain 9) such that the local temperature reads 10) where β 0 is the temperature in origin. Therefore, the final form of the Maxwell-Jüttner distribution reads
This result is not surprising since it is natural to find that the mesoscopic systems which are in equilibrium in static charts must stay at rest as we have show recently in Ref. [8] .
B. Marle and Anderson-Witting models
The simplest approximation of the collision term of Eq. (3.5) is given by the Marle model which defines 12) where the relaxation time τ is a new parameter. Therefore, we may find the functions δf W ± by solving the equations
